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Onset of Instabilities in Coaxial Hall Current Accelerators
H. A. HASSAN* AND CHARLES C. TnoMPSONf
North Carolina State University, Raleigh, N.C.

An analysis is presented with the objective of predicting the onset of spokes in MPD arcs.
A simple geometry consisting of coaxial electrodes with applied radial electric field and axial
magnetic field is investigated with the analysis being based upon the ion and electron con-
servation equations. After obtaining a steady-state solution that takes into consideration
the existence of anode and cathode sheaths, an m = 1 helical perturbation is analyzed using
a normal mode analysis. The results indicate that the critical magnetic field increases with
pressure, and because of the geometry chosen, it is independent of the current. The in-
stabiiity is of the Simon-Hoh type.

Introduction

EXPERIMENTS at various laboratories1"4 indicate that,
under certain operating conditions, the arc current in

an MPD thruster tends to concentrate into a rotating spoke.
This form of instability rotates in the E X B direction with
an angular velocity that increases with magnetic field strength
and current but decreases with mass flow rate. More recent
experiments5'6 indicate that the formation of the spoke is
associated with an onset with the critical magnetic field
being of the order of a few hundred gauss.

The object of this investigation is to determine the onset
of instabilities in MPD arcs. The usual procedure em-
ployed in studies of this nature is to obtain a steady-state
solution of the governing equations that are assumed to be
the conservation equations for the ions and electrons. A
perturbation is then superimposed on the system; if it does
not grow with time the system is stable, otherwise it is un-
stable. There are at least two major complications associ-
ated with such a procedure for the problem under considera-
tion. The complexity of the geometry makes it impossible
to obtain an analytical solution. In addition, even when a
simple geometry is assumed, one cannot ignore the anode and
cathode sheaths as is normally done in the study of similar
problems for the positive column,7 or the linear Hall current
accelerator.8

In this work, a simple geometry consisting of an inner
cathode and an outer ring anode combined with an axial
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magnetic field (Fig. 1) is employed. The electric and mag-
netic field arrangement considered here is similar to that
discussed by Hoh9 for a Penning discharge. The analysis
presented here differs from that of Ref. 9 in that a steady-
state solution that takes into consideration the existence of
anode and cathode sheaths has been obtained, and a normal
mode analysis instead of dimensional analysis is used to
analyze the instability.

The governing equations are the usual conservation of
mass and momentum for ions and electrons. The inertia
terms in the ion and electron momentum equations are usually
ignored and this assumption has been made here. Although
one is justified in ignoring the electron inertia terms, neglect
of the ion inertia terms requires further justification. A
partial justification follows from the work of Persson10 on the
positive column where it is shown that linear ambipolar
diffusion gives a fairly good approximation of the steady-
state solution if the ambipolar velocity is less than the speed
of sound of the ion-electron pair. This, coupled with the
fact that for the problem under consideration, the radial ion
current is much less than the radial electron current, indicates
that neglecting the ion inertia terms is justified provided one
uses appropriate boundary conditions.

Using a procedure similar to that employed for the positive
column, the appropriate boundary conditions at the edge of
the cathode sheath can be inferred from investigation of the
singular points of the complete differential equations. As is
shown in Appendix A, the limiting velocity at the edge of the
cathode sheath reduces to the speed of sound of the ion-
electron pair when the net current is zero. The boundary
condition at the edge of the anode sheath is obtained from
the consideration that the current density is approximately
equal to the random electron current density.

The steady-state solution obtained shows that the product
of the radial component of the electric field and the density
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gradient in its direction is positive. It may be recalled that
the aforementioned is a necessary condition for instabilities
in devices employing crossed electric and magnetic fields.11

The driving mechanism is that discussed by Hoh9 where the
electric field resulting from charge separation, and the density
gradient combine to amplify the perturbation.

Analysis

A. Governing Equations

The governing equations are the conservation equations of
mass and momentum for a slightly ionized gas in the presence
of electric and magnetic fields

dns/dt + V-(nsVs) = njr . (1)
qsns(E + Vs X B) - KT, Vn, - nsvsVs = 0, s = (2)

where n is the number density, q the charge, E and B the
electric and magnetic fields, respectively, V the particle
velocity, T the temperature, K the Boltzmann constant, m
the particle mass, v the collision frequency with the neutrals,
£ the number of ionizing collisions per electron per second,
and the subscripts i and e refer to ions and electrons respec-
tively. In writing Eq. (2), it has been assumed that the
inertia terms are negligible and that the temperatures are
constant. Equation (2) can be solved explicitly for the
particle flux and the result can be written as

Fig. 1 Schematic
of a coaxial Hall
current accelerator.
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where j is the current per unit length. The expressions for
rt-,r and r€,r follow from Eq. (3) as

(9)

(10)

(11)

Substituting Eqs. (9) into Eq. (8), one finds

(jfZirer) + (D'e - D^Xdnp/dr)

thus, the ion and electron fluxes reduce to

fl'ij

'; + M'e)

^Vn^e X B ± /Zi,,V.-,«
/Zi,«2D,-,e(Vn i t«.B)B +

where

= e/msvs, Ds = KTS

D'. = D./(l
In the bulk of the plasma

and (3) and letting nt « ne = n, one obtains

- n£ db /i'i,eV-(nE) -
Mi.J>'<,eV-(Vn X B) ±
/ii,.2£'i.eV-(Vn-B)B +

X B (3)

(4)

Combining Eqs. (1)

X B) = 0 (5)
In deriving Eq. (5) it is assumed that any induced mag-
netic fields are much smaller than the externally applied
constant field. Equation (5) forms the basis of the stability
analysis. A steady-state solution is first obtained and then
the resulting solution is perturbed. Thus, letting

= n0 + tti, E = EO + (6)

where n0 and E0 represent the steady-state solution, substi-
tuting into Eq. (5) and ignoring higher-order terms, one
finds

X B) ± ^.e

M»,eM' i , eV- [(noEi + WiEo) X B] - 0 (7)

A normal mode analysis is used to obtain the dispersion rela-
tion from Eq. (7) and, hence, the conditions for instability.

B. Steady- State Solution

For the coaxial geometry under consideration all the prop-
erties are functions of the radial coordinate r. Thus, Eq.
(1) reduces to

(l/r)(d/dr)[rnQ(Vi,r - = 0

where
/3Q2 = a25(/i',' + Hfe)/(n'iD'e + p'.eD'i) (13)

and a is the radius of anode sheath. The governing equation
for the steady-state density distribution follows from Eqs.
(1) and (11) as

(l/r)(d/dr)(rdnofdr) + (/3oV«2)^o = 0 (14)

which gives
-v _ / _• /o_./5\ F f^ T (/•?<*» //T^ _ ! C^ V I /•? r /n\ 1 (1 ^\\IVQ — ( / / ĵ TTc/ J [_l_/ it/ 0\MO' / ^*/ ~ " ^ 2-^ 0 \ M O ' / ^ * / J V-1-^/

Expressions for Ci and C2 are obtained from the boundary
conditions. As is seen from Appendix A, the appropriate
boundary condition at the edge of the cathode sheath, r = cy
is

1- ij,)]{j/2ircen +

where

= K(Ti + Te)/mi7 M = (16)

Assuming that the thickness of the anode sheath is less than
a heavy particle mean free path, the desired boundary condi-
tion may be obtained from requiring that the current density
be equal to the free molecule expression at the sheath edge, or

— eniCi exp(— (17)
where <#> is the potential drop across the anode sheath. Be-
cause

= (SK T,firm,)1!*

Eq. (17) gives

Ve,r - a

(18)

(19)

The desired expressions for Ci and C2 follow from Eqs. (11,
12, 15, 16, and 19); it is to be noted that both Ci and C2 are
independent of j. Both the number density and electric
field, which depend on the applied magnetic field, remain
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Fig. 2 Critical magnetic field and frequency vs pres-
sure.

finite throughout. It is seen from Eqs. (10) and (15) that
the radial electric field is independent of the current and
hence a voltage plateau exists. This indicates that, for the
preceding steady-state solution, the onset of instability is
independent of the current.

C. Normal Mode Analysis

In order to study the stability of the steady-state solution,
the perturbations n\ and EI will be chosen as

ni = f(r)

E = -VU,U = g(r)

md kx)]

ra0 + kx)]
(20)

with m and /c real and co complex. Substituting Eq. (2) into
Eq. (7), one obtains

Letting

/ - /01 \— Hi.eH i,e —— —r 9 (21)

(22)
co0 = co/£, kQ = k a , R = r/a, n0 = (j/

using Eq. (10) to eliminate E0,r and noting that

D'i>e ± (Z)'e - D'MM'i + M'e) = ?a2//3o2 (23)
Eq. (21) reduces to

* n

imB
X

.„ _ .„ 1 d ( h dN0 . .
T\T .77-. I "7T 77^ I *£ 7F J7~» J 1 V^^J

Equation (24) does not have a closed form solution and,
therefore, transform techniques will be employed to derive
the dispersion relation. The general dispersion relation is
derived in Appendix B. Because of its complexity, an ap-
proximate form of this relation will be obtained by assuming

the forms of /(^) and h(R). Thus, if one lets

f(R) = AiGm(8iR), h(R) = A2Gm(dlR),Ai,A2 = const (25)
where

Gm(diR) = Ym(8iR)Jm(dic/a) - Jm(diR)Ym(8ic/a)
(26)

then, multiplication of Eq. (24) by RGm(f>iR)} integration
between c/a and 1, and elimination of Ai and A2 yields the
approximate dispersion relation. A partial justification of
this procedure is given in Appendix B. Letting

the approximate dispersion relation can be written as

where
l(Xle - Wi)][(T2i + l\2i] = 0 (28)

-^—--(man - fiiftu)

(29)

Ban,\2i,e =

The quantities an, 6n, en, and du are defined in Appendix B.
Expressions for a?i and co2 can be obtained from Eq. (28)

by setting the real and imaginary parts equal to zero. For
stability co2 > 0, or from Eq. (28),

(X2e — X

> 0 (30)

while the frequency is given by

(X2

<ii — <T2e) X

(X2e ~ Xai)2]'1 (31)

As an application of the preceding analysis, the case of a
helical perturbation, m = 1, in argon is considered. In this
case, the collision frequencies and the ionization frequency
can be written as12

t = i \3/2 /2Kre\1/2

" V~TV X

2KTe\
———— I P\T _ JL\

KT.J
Zea = 1.64706 X 10 ~19 + 1.25947 X

10-19[ZV104 - 1.27655], m2

Zia= 1.6383 X 10 X

[0.1302- 0.648 XlO-2ln(^)]},m'

aea = 4.375 X 10~3 m2/joule (32)

with / being the ionization potential. Thus, for a given
pressure and temperatures, Eq. (30) represents a relation
between k0 and B. At the stability boundary, co2 = dco2/
d&0 = 0; these two conditions give Bc and ko,c, the critical
magnetic field and the critical wave number, respectively.
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The frequency at the stability boundary is obtained from
Eq. (31) by setting B = Bc and fc0 = &o,c.

Results and Discussion

The results shown in Figs. 2-4 are for Te = 20,000° K,
Tt = 3,000°K, and a = 1.27 cm. Figure 2 shows a plot of
the critical magnetic field and frequency at the stability
boundary vs pressure. The trends indicated in the plot are
in agreement with the measurements of Ref. 5 for the linear
Hall current accelerator. Although some preliminary mea-
surements are reported in Ref. 5 for the MPD arc, direct
comparison of this theory with these measurements is not
possible because the pressures at which the experiment was
carried out were not reported. Figure 3 shows that the
critical magnetic field is practically independent of c/a.
Thus, for a given a, uncertainties in the value of c do not
have much influence on the onset of instabilities. As is seen
from Fig. 4, the wave length, X = 27r/&0,c, increases with
pressure.

In order to check the predictions of the theory, detailed
measurements in the MPD arc, similar to those presented in
Ref. 5 for the linear Hall accelerator, are needed. The theory
presented here predicts an onset which is independent of the
current. Based on the measurements of Ref. 6, it appears
that this theory is applicable in the "weak B regime'7 where
the current has little or no influence on the onset.

For higher B fields, the available measurements suggest
that the critical magnetic field depends on the current. The
reason for this discrepancy between theory and experiment
can be traced to the geometry and to the fact that the non-
linear inertia terms in the momentum equations were assumed
negligible. For the coaxial geometry selected here, axial
currents cannot be allowed and the number density is pro-
portional to the current. On the other hand, when the com-
plete equations are employed, or when three dimensional
effects are taken into consideration, the steady state solu-
tion will depend on the current in a nonlinear way. In such a
case the critical magnetic field will depend on the current.

Appendix A: Boundary Conditions at the
Edge of the Cathode Sheath

Assuming that all properties are function of r only, the
conservation equations of mass and momentum for ions
and electrons can be written as

(d/dr)(nsVs,r) = -nsVs,r/r + &e (Al)

nsVs
dns

dr = ns
nsqs

ms
X

(Er

dVs,
dr

Vs.rV.

Vs,eB) - nsvsVs,r (A2)

B - vsVs,e (A3)

Equations (Al) and (A2) may be solved for dns/dr and dVs,r/
dr. Making use of the assumption that n» = ne = n and
setting dui/dr = dne/dr yields an expression for Er. Elimi-

0.12
c/a

Fig. 3 Influence of effective electrodes radii on the critical
magnetic field and frequency.

p, (mm Hg)

Fig. 4 Effect of pressure on wave length.

nating Er from the expression for dn/dr, one finds

n dr ?\ P[U(? — Vi,r2

tt + *>n, + ̂  vmi

X

^V«9 + ̂ \ (A4)m« r '
It is seen from Eq. (A4) that when

- 7,>21 - Ve,r* = 0 (A5)
a critical point exists. Assuming that a critical point cor-
responds to a sheath edge, one finds from Eqs. (8) and (A5)
that at the edge of the cathode sheath; r = c,

(A6)

Because the distance between the edge of the cathode sheath
and that of the anode sheath is not known a priori when the
complete equations, i.e., (A1-A3) are employed, Eqs. (8)
and (A5) cannot be used to provide a boundary condition
at the anode sheath. It is seen from Eq. (A6) that when j1 = 0

Vi,r = U0 (A7)

which is the isothermal speed of sound of the ion-electron
pair.

Appendix B : General Dispersion Relation

Because of the nature of the steady-state solution, the
functions f(R) and h(R) are assumed to have the representa-
tion

f(R) = 2

h(R) = 2 ]

Gm(dPR)

Gm(dPR)

(Bl)

(B2)

where

Gm(dpR) = Ym(BPR)Jm(dpc/a) - Ym(dpc/a)Jm(5PR) (B3)

and dp is a root of the" equation

Gm(SP) = 0 (B4)
It can be shown by direct integration that the functions
Gm(8jR) are orthogonal and

PJ c/a

where

(B5)

(B6)
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As is seen from Eqs. (Bl) and (B2) and the properties of
Gm(djR), Fm(8P) and Hm(8P) are the integral transforms of
f(R) and h(R), i.e.,

Fm(3P) = f ] Rf(R)Gm(5PR)dR
J c/a

Hm(dp) = f ] Rh(R)Gm(8p)dR
J c/a

(B7)

Also, the choice of f(R) and h(R) indicated in Eqs. (Bl) and
(B2) implies that the density and potential perturbations
vanish at the edges of the cathode and anode sheaths.

Multiplying Eq. (24) by RGm(djR) and integrating, one
obtains

[l - -g- - to* - |£ (1 + Ai.-..' ) ±

P=i
X

Hm(dj) -f

where

Si E d P j H m ( d P ) ( B 8 )
P=I

= — r 1 '
0/1)1 7m,p Jc/a

'^dR

^^ dR (B9)

cw =

The dispersion relation is obtained by setting the determinant
of the infinite system of equations represented by Eq. (B8) to
zero. It is seen that the approximate dispersion relation
given by Eq. (28) can be obtained from Eq. (B8)by letting
P = j = 1-
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